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ƵźǀŬƳŻ�śźƋ�žƿźţŚƯ�ƽř�ŚƷ�(Chained Matrix Multiplication)��
��

�Ƃſźě����ŻŚǀƳ�ŵŹƺƯ�ƽŚƸŝźƋ�ŵřŶƘţ��

?

9876

5432

1987

654

321


























��

ŲſŚě���




 
3

1
424332     ,

k
kjikij bacCBA��

So each element requires 3 multiplications. The total 
number of multiplications for C is 

.24432 ��
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Problem: Print the optimal order for 
multiplying n matrices.  
 
Inputs: positive integer n and the array P.  
 
Output: the optimal order for multiplying 
the matrices.  

��
��

žƿźţŚƯ�ƽŹřŸĭżŤƳřźě�ƽřźŝ�ƶƴǀƸŝ�Ŝǀţźţ�ęŚģ�ŚƷ 

 
 
void order (index i, j)  
 {   
    if (i = = j)  
           cout  << �A� << i; 
      else {  
                k=P[i][j] ; 
                 cout  << �(�; 
                 order(i, k);        
                 order(k+1, j); 
                 cout  << �)�;   
             } 
 } 

Alg. 6-2 
 

Time Complexity? 
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Problem: Determining the min no. of multiplications needed to 
multiply n matrices . 
Inputs：no. of matrices, n, array of integers d where 
             d[i1]xd[i] is the dimension of the ith matrix. 
Outputs: minmult, the min no. of multiplications. 
 
 
 void minmult (int n, const int d[], index P[][]) 
{  
    index i, j, k, diagonal;             
    int M[1..n][1..n];    
    
   for (i=1; i  n; i++)  
        M[i][i]=0;  
    
 
    for (diagonal=1; diagonal  n1; diagonal++) { 
          for (i=1; i  n diagonal; i++) 
              {   
                   j = i+ diagonal;  
                  ][][]1[]][1[]][[min]][[
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                   P[i][j] = a value of k that gave the minimum; 
                } 
         return M[1][n]; } 
 
} 

Alg. 6-1 
 

Time Complexity? 

)()( 3nnT  

��
��



ƶƯŚƳźŝ�Śƿƺě�ƾƀƿƺƳ���������������������������������������������������������ƮŤƿŹƺĮƫř�ƾůřźƏ�ŚƷ��ƽźſ�ƮƄƃ�������������������������������Dynamic Progamming ��
 

ŽŹŶƯ��̶ έά �ϛ෼ਪ΋ ඵෂ�� ��
çè 

Ƃſźě���žƿźţŚƯ�Żř�ƶƳƺĮģPžƿźţŚƯ�ƽŹřŸĭżŤƳřźě�Ŝǀţźţ���ŚƷ�ƪƨƃë�æ�ƶŝ��śźƌƬƇŚů�ƶŞſŚŰƯ�ŢƸū���Ţſŵ�ƾƯ��Ŷƿō��
��

��
ƪƨƃë�æ�ƾŤƄĭŻŚŝ�ŢųŹŵ���

��
��
��





























0

50

540

5430

54320

111110

P
��

��
�žƿźţŚƯP��

� �

��
��

��
��

�žƿźţŚƯM��
��

�Ƃſźě��śźƋ�ŵřŶƘţ�ƲƿźŤưƧƶƴǀƸŝ�Ŝǀţźţ�ƹ��žƿźţŚƯ�ŹŚƸģ�ƽřźŝ��řŹ76 644332   DCBAŶǀŝŚǀŝ��Śƿƺě�ƾƀƿƺƳ�ƶƯŚƳźŝ�ƁƹŹ�Śŝ���
 

ƶƴǀƸŝ�ƾƿƹŵƹŵ�ƽƺŬŤƀū�ŢųŹŵ��
(Optimal Binary Search Trees = OBST)   

Ƶŵřŵ�ƱŚưŤųŚſ�Żř�ƽŹƹōŵŚƿ�ŚƷ��
Definition of Binary Tree: A binary tree is the tree that each node has at most two children.  

1. Depth (Level): the number of edges from the root to the node. 
2. Left Subtree: the subtree whose root is the left child of the node. 
3. Right Subtree: the subtree whose root is the right child of the node. 
4. Balanced: the depth of the two subtrees of every node never differs by more than 1.  
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�ƾƿƹŵƹŵ�ƽƺŬŤƀū�ŢųŹŵ(Binary Search Trees = BST)��
 
A binary search tree is a binary tree of items (keys) that come from an ordered set, such that: 

1. Each node contains one key. 
2. The keys in the left subtree of a given node are less than the key in that node. 
3. The keys in the right subtree of a given node are greater than or equal to the key in that node. 
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ƩŚŨƯ���
Five different trees where n=3. Let p1=0.7, p2=0.2 and 
p3=0.1. What is the average search time? 

 
1. 3(0.7)+2(0.2)+1(0.1) = 2.6 
2. 2(0.7)+3(0.2)+1(0.1) = 2.1 
3. 2(0.7)+1(0.2)+2(0.1) = 1.8 
4. 1(0.7)+3(0.2)+2(0.1) = 1.5 
5. 1(0.7)+2(0.2)+3(0.1) = 1.4  

ƪƨƃë�é��ŢųŹŵ��ƽŚƷƲƨưƯ�ƾƿƹŵƹŵ�ƽƺŬŤƀū  
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ƶƴǀƸŝ�ƾƿƹŵƹŵ�ƽƺŬŤƀū�ŢųŹŵ�ƲŤƟŚƿ���
A more efficient algorithm is Dynamic Programming. The optimal tree for Keyi through Keyj is arranged in a tree that 
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    cm: the number of comparisons to locate Keym.           pm: the probability that Keym is the search key. 
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ƵŹƹŵ�ƵŶƴƃƹźƟ�ƶƫŚƀƯ�ŵźĭ( Traveling Salesperson Problem = TSP ) ��
 

void travel (int n, const number W[][], index P[][], number& minlength ) 
{ index i, j, k;  
   number D[1..n][subset of V{v1}]; 
   for (i = 2; i  n; i++)   
          D[i][]=W[i][1] ; 
   for (k = 1; k  n2; k++)  
         for (all subsets  A V{v1} containing k vertices) 
               for (i such that  i 1 and vi is not in A) { 
                     D[i][A]=min {W[i][j]+D[j][A{vj}]} ; 
                     P[i][A]= value of j that gave the minimum;} 
   D[1][V{v1} ]=min {W[i][1]+D[j][V{v1,v2}]} ; 
   P[i][V{v1} ]= value of j that gave the minimum ; 
   minlength=D[1][V{v1}]; 
 } 

Alg. 6-3 
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Length[v1,v2,v3,v4,v1] = 22 
Length[v1,v3,v2,v4,v1] = 26 
Length[v1,v3,v4,v2,v1] = 21 

 
 

If there are n vertices, how many 
possible tours? 
 

(n1)(n2)(n3)�1 = (n1)!��
��

ƩŚŨƯ���ƽřźŝçåźƸƃ��ƵŹƹŵ�ƵŶƴƃƹźƟ�ƶƫŚƀƯ��ƾſŹźŝ�řŹ�ŵźĭ�ŶǀƴƧ���
Brute-force: 19! s = 3857 years                              Dynamic Programming: (201)(202)2203 s = 45 sec  !! 
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