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1. Estimate the form of the solution
2. Prove by mathematical induction

L sy )y sS6 dlone 1 Jlo
Fact(n) = Fact(n-1)*n;
Number of *: T(n) =T(n-1) + 1 (Recurrence equation)

Proof:

Induction base: forn=0 > T(0) =0;

Induction hypothesis: for arbitrary positive integer n > T(n) =n (Guess)
Induction step: to show - T(n+1) = n+l

Replace n by n+1 in the recurrence equation, we get:  T(n+1) =T(n) +1=n+1 (It’s correct!)
So this completesthe proof that T(n) iscorrect = T(n) =6(N)
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W(n) =1+W( n/2])
=1+ L+W([n/2]/2])) = 2+W(n/4))
=2+ (L+W(n/8))=3+W(n/8)

—k+W(n/2“ ) =k +W() =k +1
=|lgn]+1e6(gn)

W) =LIgn+ 1 & 55 e o,la1 305 i
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(Homogeneous Linear Recurrence) 3 g5od  Jas- é&?}b Aol — &

The homogeneous linear recurrence equation with
constant coefficients:

at,+at ,+..+at, ,=0

Its characteristic equation is:
ar“+ar“t+.+ar’°=0

If there are k distinct solutionsrl, r2, ..., rk, the only
solution to the recurrenceis:

n n n
t,=Cr +Cl, +..+C[r,

iJbo
t, -4 ,+3t, ,=0 n>1
t,=0
t, =1
Characteristic:  r*>—4r+3=0

=>n=3r=1=t,=¢3"+¢,1"=
t,=0=c, +¢,

t, =1=c,3+c,

—¢c, =05c,=-05

_11n 1
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(Non-Homogeneous Linear Recurrence) & gicadd b  as~ s b Al —o

(&= s s s 228 50 asles) Jlio
The Non- homogeneous linear recurrence equation: AL @ SOl S5k J
t =t ,+n-1 n>1
_ n n n-1
at, +at +..+at, , =b"P(n) =
Its characteristic equation is: 1
k k-1 d+l _ b=t =n-
(@r" +ar  +.+a)r-b)"=0 |,  igic:
solution to the recurrenceis: (r=1(r-1*=0
r-1°=0
'[n - — — =r =1 (multiplicity 3) = t, =c1" + ¢,n" + ¢,n°1"
_)tn :M
2
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Let f be an increasing function that satisfies the
recurrence relation
( d : d
n O(n if a<b
f(ny=ax* f(=)+cx*n° ( d) _ |
b f(n)=10(n°log,n) ifa=b
whenever n= b¥ wherekisapositiveinteger, a> 1, oa. & _ g
bisan integer greater than 1, and c and d are QI % ) ifa>b
numbers with ¢ positive and d nonnegative. N
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(Strassen’s Matrix Multiplication Algorithm) uuo‘ )'«‘.w‘ o )3 b - )b rb.::“ P Qﬂ f

{cn clz} {aﬂ alebu bu}
Cu Cxp Ay 8y b, b,
m = (&, +a,) (b, +by,)

m, = (a, +a,)by,

m, =a,, (b, —b,,)

m, =a,,(b, —by,)

m, =(ay,; +a;,)b,

m = (a,, —ay,) (b, +b;,)

m, = (&, —ay)(0,, +by,)

C{M+W—%+% m, +m, }
m, +m, m +m,—m, +m,
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Problem: Find the product of two nxn matrices
where n isapower of 2.

I nputs: an integer n that is power of 2, and two
matrices A and B.

Outputs: the product C of A and B.

void strassen (int n, nxn_matrix A, B,
nxn_matrix& C)

{
if (n <threshold)

compute C = AxB using the standard algorithm;

else

{
partition A

into four submatrices Al1, A12, A21, A22 ;

partition B

into four submatrices B11, B12, B21, B22 ;
compute C = AxB using the Strassen’s method;

}
}

Alg. 4-1

Every-Case Time Complexity (no. of multiplications)

T(n)=7T(5) for n>1 n apowerof 2
T =1

By Master Theorem :
ra=7, b=2, d=0= a>b"
= T(n)=n"%" e ®(N**)

Every-Case Time Complexity (no. of +/—)
T(n)=7T(2)+18(2)* for n>1,
n apower of 2
T =1

By Master Theorem :
ra=7, b=2, d=2 = a>b°

= T(n) e ®(N*?) =O(n**)

7 I

\0




Divide-and-Conquer (poler ) gz, S (1 b I 9 sl

(Larger Integer Multiplication) uf)}g om0 Slasl u}a

When do we need to multiply two very large numbers? In Cryptography and Network Security,

X arrkrtkrtkes Divide And Conquer
*kkkkkkkkkkk X = a b
kkkkhkkkkkkkk*k
kkkkhkkikkkkk*k*k
kkkkhkkkkkkk*%k
*kkkkkkkkkk* Y = C d
*kkhkkkhkkkkkkkkk*
kkkkkhkkhkkkkkk*k
bbb bbbt , .,
— n _ n
X=a2""+h, Y=c2""+d
kkkkhkkikkkkkk*k n n/2
XY =ac2" +(ad +bc)2" - +bd
kkkhkkhkkkhkhkkhkhkkhkhkkhkkkkhkhkkhkkkkhkki*k
®(n?) bit operations
(J’-)Muij)j‘ e:U.‘.’..qu)Js‘ r@’)’g‘
MULT(X,Y) N if n=1
if [X| = [Y|= 1then doreturn XY T(n)= AT(I2)+0(n) if n>1
else
returnMULT(a,c)2" +(MULT(a,d) + MULT(b,c))2"2 + MULT(b,d) By the Master Theorem:
Alg. 4-2 T(n)= @(nz)
Karatsuba 1962 €4 S Sutisn 3502 15 Y=F 020580 43 0 05 oo LT 1w
:uojlf 3l
ad+bc=(a+b)(c+d)—-ac—bd
(U3t o2 S0 a3l 3500 90 (i 995
MULT(X,Y) _
if [X| = [Y| = 1 then do return XY T(n)_{l if n=1
dse - ;
AL=MULT(a0): 3r(n/2)+0(n) if n>1
A2 = MULT(b,d);
A3 =MULT((a+b)(c+d)); By the Master Theorem:
2" +(A-A-A)"+
A (% A’F4:‘2) Az T(n):®(n|0923):®(n1.58)
g4
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